We explore a method to recover symmetry identities in the 2PI formalism. It is based on non-perturbative approximations to the 1PI effective action. We discuss renormalization questions raised by this technique.
Introduction
In the 2PI resummation scheme, the quantum fluctuations encoded in the effective action are expressed in terms of 1-and 2-point fields φ and G via the so-called CJT loop expansion is made of two-particle irreducible diagrams (2PI) with vertices arising from the shifted theory S[φ + ϕ] − S[φ] − ϕ · δS/δϕ| ϕ=φ and propagator G. The physical point of the system corresponds to the stationnarity point of Γ. Such a formulation of the quantum theory is useful in many situations, from describing the thermodynamics of the equilibrated quark-gluon plasma 2 to describing far from equilibrium dynamics and equilibration of quantum fields 3 . However this formalism presents important difficulties in the case of gauge theories where G does not fulfill usual WardTakahashi identities. We explore here a way to define n-point functions satisfying the usual Ward-Takahashi identities, in particular a transverse propagator. This approach has already been followed in the case of the O(N ) model 4 and allows to recover the Goldstone theorem in the case of a spontaneously broken symmetry. We apply it here to abelian gauge theories. We furthermore complete the scalar analysis 4 by explaining how to renormalize the scheme.
Symmetries
The idea is to construct n-point functions Γ (n) from the derivatives of
] that is the 2PI effective action evaluated at the stationnary propagator in presence of a mean field value φ. If both definitionsḠ and Γ (2) for the propagator agree in the exact theory, this is not the case when one considers approximations.Ḡ is then interpreted as a mere tool to build up resummations whereas Γ (2) is a more reliable object as it satisfies usual symmetry identities, at least in the O(N ) model 4 or in QED. It is worth noting here that the symmetry is still present at the level of the 2PI effective action. In the case of QED, we thus have a 2PI WardTakahashi identity 5 , even within a truncation. From this one can infer a symmetry property for the effective action Γ[A µ ,Ψ, Ψ] constructed as explained in the previous paragraph. More precisely, one can show that the effective action:
is invariant under a usual gauge transformation a (µ and λ denote respectively an infrared regulator for the photon and the gauge fixing parameter in the covariant gauge;Ḡ µν andS denote the stationnary propagators in presence of mean fields). From this effective action it is then easy to construct transverse n-point functions, in particular a trustworthy propagator.
Renormalization
The aim of this section is to show how to renormalize the functional Γ[φ] constructed as explained in the previous section. We will concentrate here in the case of a 4-dimensional Z 2 -symmetric scalar theory with ϕ 4 interaction and leave the inclusion of fermions and gauge symmetry for subsequent publications 5 . The functional Γ[φ] is nothing but the 1PI effective action which is known to be renormalizable in a 1PI loop expansion 6 . However, in the present case, the functional is constructed from approximations at the level of the 2PI effective action, and thus renormalization has to be revisited. We will not give here a complete proof of renormalizability 5 but rather insist on a few points which deserve special attention.
Part of the discussion can be followed directly on the CJT 1 formula for the 2PI effective action. The analysis of divergences is based on standard a This can be directly checked on the CJT formula using the transformation of the auxiliary propagators: δḠ = 0 , δS(x, y) = i Λ(x) − Λ(y) S (x, y).
BPH
7 techniques applied to diagrams with resummed propagators. For such an analysis, it is convenient to use a field expansion of the effective action:
. For a given n, the approximation for Γ 2n [G] consists of a certain number of diagrams with 2n external legs. The strategy is then to draw boxes in order to track divergences: 2-point boxes represent mass and field strength singularities whereas 4-point boxes represent coupling singularities. Such divergences are absorbed in diagrams with lower number of loops, namely the topologies obtained by shrinking BPH boxes into points b . As far as 2-point singularities are concerned, the result is quite simple: The diagrams in the effective action being 2PI, the only 2-point boxes one can draw are either boxes on 0 legs diagrams, with one of the lines of the diagram lying outside the box, or boxes drawn on two legs diagrams, encapsulating the whole diagram. These two situations correspond to the two cross diagrams in Fig. 1 which are the only ones carrying mass and field strength counterterms in the CJT formula. The previous analysis misses part of the 4-point (coupling) singularities related to the non-perturbative nature of the propagator. These divergences emerge from an overlap between the logarithmic behaviour of the propagator and that of the 2PI diagram under study and call for analysing the diagrammatic content of the resummed propagatorḠ. 8, 9 In the present case, to easily disentangle such divergences, it is much more convenient to work with proper vertices, that is, derivatives of the effective action. We work here in the symmetric phase but the very same counterterms can be used in the broken phase 5 . The structure of proper vertices is easily obtained by taking derivatives of the equation (which is itself derived from b Thus not all the approximations are renormalizable. For an approximation to be renormalizable, it has to be such that whenever one includes a diagram, one has also to include all the diagrams related to it by the BPH procedure. In general we will use a 2PI loop expansion which is renormalizable.
the CJT formula and the stationarity condition):
where ∂ and δ denote partial and total derivatives respectively. Thus proper vertices will consist of loop diagrams involving partial derivatives of Γ int with respect to φ or G (which we call 2PI kernels) and total derivatives ofΣ, connected via the resummed propagatorḠ. For example in the symmetric phase, the 2-point function consists of the first two terms on the r.h.s. of Eq. (2) whereas the 4-point proper vertex reads:
where 'perm.' denotes the two permutations (12, 34) → (13, 24) and (12, 34) → (14, 23) of the term between brackets. The total derivative appearing on the r.h.s. satisfies the following integral equation:
Renormalization of Γ[φ] then amounts to first renormalizing the 2PI kernels, next total derivatives ofΣ and finally the proper vertices. The BPH approach described previously renormalizes almost all the kernels. Only two kernels deserve much more attention due to the non-perturbative character of the propagator. These kernels are the 2-point kernels ∂Γ int /∂G and ∂ 2 Γ int /∂φ 2 . ∂Γ int /∂G has been extensively discussed in Refs. 8, 9 . There it was shown that the coupling singularities hidden in the kernel are exactly accounted for by a Bethe-Salpeter equation for a 4-point auxiliary function
Renormalization ofV is performed via a shift of the tree level (local) contribution to the kernelΛ. At the level of the effective action, this contribution corresponds to the "eight" diagram depicted in Fig. 2 . The same results apply to the kernel ∂ 2 Γ int /∂φ 2 . Coupling singularities are enterily described by a second Bethe-Salpeter equation for V (this equation can be solved in terms ofV ): V = Λ + VḠ 2Λ = Λ + ΛḠ 2V , with Λ = 2∂ 3 Γ int /∂G∂φ 2 . Renormalization amounts to a shift of the tree level (local) contribution to the kernel Λ. At the level of the effective action, this contribution corresponds to the "tadpole" diagram depicted in Fig. 2 (let us note here that selfconsistency and the 2PI character of the resummation are crucial for the renormalization program to work at all 8, 5 ). Indeed, this last result allows, in the symmetric phase, to also renormalize the 2-point function which is + + Figure 2 . Diagrams related to the renormalization of divergences arising from the nonperturbative structure of the propagator. They are all local.
nothing but the kernel ∂ 2 Γ int /∂φ 2 . Renormalization of the 4-point function is not so straightforward as it involves the quantity δ 2Σ /δφ 2 . However the latter is nothing but V as it satisfies the same self-consistent equation (see Eq. (4)). Thus δ 2Σ /δφ 2 is finite. We can now analyze divergences in the 4-point function. To this purpose, it is convenient to express δ 2Σ /δφ 2 = V in terms ofV :
The boxes drawn in the previous equation show that all the subdivergences are indeed already taken into account by the renormalization of V . There only remain overall divergences which are absorbed in a shift of the tree level contribution (local) to ∂ 4 Γ int /∂φ 4 . At the level of the effective action, this contribution arises from the third diagram depicted in Fig. 2 .
Once all the kernels have been renormalized together withV and V , renormalization of total derivatives ofΣ, δ pΣ /δφ p (with p > 2) and proper vertices Γ (n) (with n > 4) is straightforward. Indeed one can show 5 that it is possible to express the latter in terms of diagrams made of finite kernels, or Bethe-Salpeter functionsV and V , and only involving finite loops.
To extend the results on renormalization to QED 5 , one first needs to incorporate fermions. Next one needs to discuss spurious UV singularities in the auxiliary photon propagatorḠ µν 5 .
